Arch. Math. 92 (2009), 549-557
(© 2009 Birkhduser Verlag Basel/Switzerland

0003,/889X /060549-9, published online 2009-05-12 I : -
DOI 10.1007/s00013-009-2976-x Archiv der Mathematik

Permutable subnormal subgroups of finite groups

A. BALLESTER-BOLINCHES, J. C. BEIDLEMAN, JOHN COSSEY,
R. ESTEBAN-ROMERO, M. F. RAGLAND, AND JACK SCHMIDT

Abstract. The aim of this paper is to prove certain characterization theo-
rems for groups in which permutability is a transitive relation, the so called
PT-groups. In particular, it is shown that the finite solvable P7-groups,
the finite solvable groups in which every subnormal subgroup of defect two
is permutable, the finite solvable groups in which every normal subgroup
is permutable sensitive, and the finite solvable groups in which conjugate-
permutability and permutability coincide are all one and the same class. This
follows from our main result which says that the finite modular p-groups,
p a prime, are those p-groups in which every subnormal subgroup of defect
two is permutable or, equivalently, in which every normal subgroup is per-
mutable sensitive. However, there exist finite insolvable groups which are not
PT -groups but all subnormal subgroups of defect two are permutable.
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1. Introduction. All groups considered are finite. All unexplained notation and
terminology can be found in [4] or [10]. A subgroup K of G is said to be permutable
(S-permutable) in G provided KH = HK for all subgroups (Sylow subgroups)
H of G. A well known result of Ore [8] shows that permutable subgroups are
necessarily subnormal. Kegel [6] generalized this result showing that S-permutable
subgroups are subnormal. A group G is called a 7-group provided normality is
a transitive relation, that is, H <4 K < G implies H < G. Similarly, one defines
PT-groups and PST-groups as those groups in which, respectively, permutability
and S-permutability are transitive relations. As a consequence of the results of Ore
and Kegel, one has that the P7 -groups, respectively PS7 -groups, are those groups
in which permutability, respectively S-permutability, coincides with subnormality.
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The classes 7, P7, and PS7T have been studied in a number of articles with
much of the work done in the past 10 years (see [3] for long list of references). In
particular, the first, fourth, and fifth authors determined in [2] that the groups in
which every subnormal subgroup of defect two is S-permutable are precisely the
PST-groups. Let us record this theorem for reference.

Theorem 1 (Ballester-Bolinches, Esteban-Romero, and Ragland [2]). The groups
satisfying the property

H < K QG implies H is S-permutable in G
are precisely the PST -groups.

A natural question to ask is if a similar statement holds for P7-groups. That
is, are the P7T-groups precisely the groups G for which H < K < G implies H is
permutable in G7 One aim of this article is to give an affirmative answer to this
question in the solvable universe. However, we provide a counterexample which
shows that the answer is negative for insolvable groups.

The second and fifth authors introduced the concepts of permutable sensitivity
and S-permutable sensitivity in [3].

Definition 2. A subgroup H of a group G is said to be

(1) permutable sensitive in G if the following holds:
{N|N is permutable in H} = {H N W|W is permutable in G}.
(2) S-permutable sensitive in G if the following holds:
{N|N is S-permutable in H} = {H N W|W is S-permutable in G}.

It was shown in [3] that the groups whose normal subgroups are S-permutable
sensitive are the PS7-groups and that the solvable groups whose subnormal sub-
groups are permutable sensitive are the solvable P7 -groups.

Theorem 3 (Beidleman and Ragland [3]). The groups whose normal subgroups are
S-permutable sensitive are precisely the PST -groups.

It was left as an open question there whether or not the P7-groups could
be thought of as the groups whose normal subgroups are permutable sensitive.
Another aim of this article is to answer this open question in the affirmative in
the solvable universe.

Let us now recall the concept of conjugate-permutability.
Definition 4. A subgroup H < G is said to be conjugate-permutable in G if
HHY = H9H for all g in G, that is, H permutes with all of its conjugates in G.

An old result of Szép [11] (see also [5, Corollary 1.1]) generalizing Ore’s afore-
mentioned result shows that every conjugate-permutable subgroup is subnormal.
The converse obviously holds for subnormal subgroups of defect two.
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We will show in the solvable universe that a slightly stronger property for
conjugate-permutable subgroups is equivalent to being a P7-group. That is, a
solvable group G is a P7 -group if and only if every conjugate-permutable subgroup
of G is permutable in G.

The answers to the already mentioned questions are contingent on what hap-
pens in the p-group case, p a prime. In fact, the main result of the paper provides
a new characterization of modular p-groups.

Theorem A. For a p-group G the following statements are equivalent.

(i) G has modular subgroup lattice;

(ii) G has all subnormal subgroups of defect two permutable;
(iii) G has all normal subgroups permutable sensitive.

(iv) G has all conjugate-permutable subgroups permutable.

2. Preliminaries. In this section, we introduce some terminology, notation, and
some needed results not discussed in the introduction.

Let p be a prime. It is well-known that the modular p-groups are exactly those
p-groups with all subgroups permutable. The following three results on modularity
and p-groups will be essential in the proofs of our main results. First we recall the
classic result of Iwasawa (see Theorem 2.3.1 of [10]) on the characterization of
modular p-groups.

Theorem 5. A p-group G is modular if and only if

(i) G is a direct product of a quaternion group Qs of order 8 with an elementary
abelian 2-group, or

(ii) G contains an abelian normal subgroup A with cyclic factor group G/A; fur-
ther there exists an element b € G with G = A x (b) and a positive integer s
such that a® = a**?" for all a € A, with s > 2 in case p = 2.

The following can be found as Lemmas 2.3.3 and 2.3.4 of [10].

Lemma 6. A p-group G is not modular if and only if there exists a section H/K of
G with H/K isomorphic to the dihedral group of order 8 or the non-abelian group
of order p® and exponent p for p > 2.

Lemma 7. Let G be a p-group with an abelian subgroup A such that every subgroup
of A is normal in G and G/A is cyclic. For p =2 and A of exponent greater than
2, further assume that there exist subgroups As < Ay < A with A1/As cyclic of
order 4 and [Ay,G] < Ay. Then G is a modular p-group.

The following lemma can be found as Proposizione 1.6 of [7]

Lemma 8. Let G be a non-modular p-group all of whose proper factor groups are
modular. Then G has a unique minimal normal subgroup.
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Our next theorem contains classical results of Agrawal’s from [1] characterizing
solvable PST -groups and P7 -groups.

Theorem 9 (Agrawal [1]).

(i) G is a solvable PST -group if and only if the nilpotent residual of G is an
abelian Hall subgroup of G acted upon by conjugation as a group of power
automorphisms by G.

(i1) G is a solvable PT -group if and only if G is a solvable PST -group with G/L
a PT -group.

3. A new characterization of modular p-groups. As it is mentioned in the above
section, the modular p-groups can be thought of as those p-groups all of whose
subgroups are permutable. It is a natural question to ask if one can impose less
permutability conditions on the subgroups of a p-group and not lose modularity.
The answer to that question is contained in Theorem A. It shows that one only
needs to require the subgroups of defect two in a p-group to be permutable in
order for the group to enjoy the property of having a modular subgroup lattice.

For p an odd prime, we let M(p) denote the non-abelian group of order p?
and exponent p. For p = 2, we let M(p) denote the dihedral group of order 8.
We let X denote the class of p-groups in which every subnormal subgroup of
defect two is permutable and we let ) denote the class of p-groups all of whose
normal subgroups are permutable sensitive. The class of modular p-groups will be
denoted by M. Note that the classes X and ) are quotient closed.

We need the following lemma.

Lemma A. Let G be a p-group and suppose that one of the following two conditions
hold.

(1) Ewvery subnormal subgroup of G of defect two is permutable in G.
(2) Every normal subgroup of G is permutable sensitive in G.

In addition, assume G has a unique minimal normal subgroup N with G/N mod-
ular but G not modular. Then

(i) G does not contain a normal subgroup H isomorphic to M (p);
(ii) G/N is not abelian, and;
(i) G/N is not Hamiltonian.

Proof. (i) Suppose G does contain H as a normal subgroup with H ~ M (p). Then
N is contained in H.

Assume that p = 2 and H/N is not central in G/N. Then there is an element
g € G and a non-central element x € H such that (z,z9) = H. Let z = [29,x]
and note that « must have order 2 and N = (z). Since G/N is modular, (g, z) is
permutable in G and hence (z,g) = (x){g, z) so that (g, z) has index 2 in (z, g).
In particular, (g, z) is a normal subgroup of (x, g). The group (xN){gN) is one of
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three possible semidirect products; N maps gN to g* N where k = —1, k = 2" —1,
or k = 2" +1 where |gN| = 2""L. One can then deduce that [g, z] € (g2, 2). Now z
is a power of g since for some i and j, we have z = [29, 2] = [g, z]? = (¢*'27)? = g*'.
Note that [g, z] has order 4 since z = [g, z]? has order 2. Also note that (g) has
index 2 in (z,g) since (g) = (g, z). Since (g) is normal in (z,g), g* = ¢g* with
t either —1, 2™ — 1, or 2™ + 1 where |g| = 2"*2 = 2™+ In these three cases,
[g, 2] has order 2™, 2™ and 2, respectively. Hence m = 2 and ¢ has order 8. Thus
(w,9) = (z,g9| 2% =¢%=1,[g,2] = g°) where s = 2 or s = —2. It is clear from
the presentation of (z,g) that (xN,gN) is dihedral of order 8, a contradiction to
Lemma 6. Consequently, H/N is central in G/N. It means that every subgroup of
H is subnormal in G of defect at most 2. Hence if G were an X-group, H would
be a modular group. Therefore G must be a )-group. Let A be a subgroup of H.
If N is contained in A, then A is normal in G. Assume that N is not contained in
A. Then AN is normal in G. Since AN is permutable sensitive and A is normal in
AN, there exists a permutable subgroup K of G such that ANNK = A If HNK
is not contained in AN, it follows that H = (AN)(H N K) = H N K and then
AN = A. This contradiction yields HNK < AN and so A = HN K is permutable
in H. Consequently, H is a modular group. This contradicts Lemma 6. Therefore
p is and odd prime. Then H contains a normal elementary abelian subgroup of G,
say L, of order p%. Let = be an element of L which is not central in H. Suppose
first that G € X. Then (z) a subnormal subgroup of defect two in G and so
permutable in G and hence in H. This is a contradiction. Now suppose G € ).
Then (z) is normal in L and since L is permutable sensitive in G, (z) = LN M
for some subgroup M permutable in G. But since M N H contains = and does not
contain N, we must have M N H = (x). Hence (z) is permutable in H. This final
contradiction proves statement (i).

(ii) Suppose that G/N is abelian and derive a contradiction. Let E be an
arbitrary subgroup of G. If N < E, then F is normal in G. Suppose then that
E does not contain N. Then E is normal in NE and NF is normal in G. So if
G € X we have F is permutable in G. Hence G is modular, contrary to the choice
of G. Assume G € Y. Since N is central, N < Cg(F) so that Cg(E) is normal in
G. Thus C¢(E) is permutable sensitive in G and there is a permutable subgroup
K of G with KN Cg(E) = E. If K is not contained in Cg(E) then [E, K] = N
and so N < EK. Thus if n is a non-trivial element of N we have n = hk for some
h € E and k € K. But then k = h™'n € Cg(E) and since K N Cg(E) = E we
have k£ € E and so n € E, which contradicts the fact that /N is not contained
in E. Hence every subgroup is permutable and G is modular. This is the final
contradiction.

(iii) Suppose that G/N is Hamiltonian. Then G/N is the direct product of an
elementary abelian 2-group E/N and the quaternion group /N of order 8. Since
the quaternion group of order 8 has trivial Schur multiplier by Corollary 11.22 of
[9], it follows that @ = Q¢ x N with Q¢ non-abelian. But then Q' = Q) is a normal
subgroup of G with Q' N N = 1, a contradiction. O
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Proof of Theorem A. We are trying to show X = ) = M. Clearly M is contained
in XN)Y and so it is enough to show that X and ) are contained in M.

Suppose G € X' UY with the order of G minimal with respect to G not being
modular. By Lemma 8 we have G possesses a unique minimal normal subgroup,
say N. Now G/N € M and by Lemma A parts (ii) and (iii), G/N is not Dedekind.
Hence, by Theorem 5, G/N = [A/N](CN/N) with A/N abelian and CN/N cyclic
acting on A/N as power automorphisms in the following way: for some positive
integer s, (aN)*N = (aN)'*?" for all a € A where C = (c).

Suppose ®(A) = 1. Then (aN)*N = (aN)"*?" = aN. Hence cN centralizes
A/N. Thus G/N = [A/N] x (CN/N) is abelian, a contradiction to Lemma A part
(ii). Thus we can assume ®(A) # 1.

Next suppose AP = 1. Then A is not abelian or we would have ®(A4) = 1.
Hence p is odd. Let  and y be two non-commuting elements of A. Then (z,y) is a
subgroup of A containing N which is isomorphic to M (p). Hence (x,y) < G. This
contradicts Lemma A part (i). Hence AP # 1.

Now A/N is abelian so that A’ < N < Z(A). Hence, for a,b € A, [a?,b] =
[a,b]? = 1 so that AP < Z(A). Moreover, for a € A, we have (a?)¢ = (a®)P =
(a'*P"n)P where n is some element of N. Hence (a?)¢ = (a?)'*?". So if 2 € AP has
order p, then z is central in G. Hence Q(A?) = N. But A? is abelian and thus A?
is cyclic.

Let y be of maximal order in A. Let us show that A possesses a generating set
X with y € X and every other element of X having order p. Since y is of maximal
order in A, (y?) = AP. Let {a1,as,...,an,y} be any generating set for A. For each
i, write af = yP* where t; is some integer. Note that the identity
(*) (ab)? = aPbP[b,a) "7
holds for all a,b € A since A’ < Z(G).

First suppose p is odd. Now (a;y~%)P is easily seen to be trivial using equa-
tion (*). Let b; = a;y~%. Since (b;,y) = (ai,y), the set of non-trivial elements in
{b1,ba,...,bn,y} is a generating set of the desired type.

Suppose now that p = 2. Then (a;y~%)% = [y~ a;] follows from equation (*).
Let b; = a;y~ . Since the order of y is greater than 4 by Lemma A part (ii), it
follows that b2 € N < A* = (y*). Now, for each i, write b? = y** where s; is
some integer. Now write ¢; = b;y~2%. Equation (*) yields ¢ = [y~2%  b;] and since
y~2% € A? < Z(A), we have that ¢? = 1. Since {(c;,y) = (bi,y) = {a;,y), the set
of nontrivial elements in {c1, ca,..., ¢y, y} is a generating set of the desired type.

Now let {aj,aq,...,a,,y} be a generating set for A with the order of each
a; equal to p. If (a;,a;) is non-abelian, then N < (a;,a;) ~ M(p), contra-
dicting Lemma A part (i). Thus each a; and a; commute and we have M =
(a1,az,...,a,, N) is an elementary abelian normal subgroup of G. Thus each sub-
group of M is subnormal of defect two in G. Hence if G € X then every subgroup
of M is permutable in G. Suppose G € ). Then the argument used in the proof
of Lemma A part (ii) gives all subgroups of M are permutable in G.
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Suppose that ¢ € G\Cg(M). Then [a,g] # 1 for some a € M. Note that
(a)N <4 G and also note that (g) < (a){g). Hence 1 # [a,g] € (a)N N {(g). Now if
N £ (g) then we have (a) < (a)N = ({a) N N {(g))N < Cg(g), a contradiction to
[a,g] # 1. Hence N < (g). Thus (g) is permutable in G for all g € G\Cq(M).

For a final contradiction, we are now left with showing that if g,h € Cq(M),
then (g)(h) = (h){(g) giving all subgroups of G permutable. Let D = (y)C. From
Lemma 7, it is clear that D is a modular p-group when p is odd. A little more
explanation is needed for the case when p = 2. With 2 denoting the order of y, let
A; = (42" ") and Ay = (y*" ') = N. Note that a > 3 or else exp(A) < 4 in which
case it is easily deduced from its structure that G/N is abelian, a contradiction to
Lemma A part (ii). Hence A;/As is cyclic of order four and [A;, D] < Aj. So we
have D is a modular p-group using Lemma 7. Let g, h € C (M) and write g = mu
and h = m'v with m,m’ € M and u,v € D. Note that g,h € Ce(M) implies
u,v € Cg(M). Since D is modular, X = (u)(v) is a subgroup and uv = v*u!
for integers k and I. We have u!~!'®(X) = v*~1®(X). If X is not cyclic, then
(v®(X))N(uP (X)) = 1 in which case u! '@ (X) = v*1®(X) givesrisetok =1 =1
mod p. If X is cyclic, then £ =1 = 1. Hence we have

gh = mum'v = mm/uv = mm/vFu! = (m') oFmbl = (m/v)k (mu)! = hFgl

Now gh = hFg' implies (g) permutes with (h). So all subgroups of G are per-
mutable, a contradiction. Thus if G € X U)Y, then G is modular.

Assume now that every conjugate-permutable subgroup of a group G is per-
mutable. Then G € X = M. O

4. An application. As an application of Theorem A, we prove the following theo-
rem.

Theorem B. The following statements are equivalent for a solvable group G.

(i) G is a PT -group.

(ii) Pwvery subnormal subgroup of defect two in G is permutable in G.
(iii) Every normal subgroup of G is permutable sensitive in G.

(iv) Ewvery conjugate-permutable subgroup of G is permutable in G.

Proof. Note that the properties of the statements (ii)—(iv) are quotient closed and
every PT7-group satisfies (ii)-(iv).

Assume now that a solvable group G satisfies one of the conditions (ii)-(iv). We
prove that G is a P7-group by induction on |G|. Applying either Theorem 1 or
Theorem 3, G is a solvable PS7T -group. Moreover, by Theorem A, we may assume
that G is not a p-group. Suppose that G is nilpotent. Then all Sylow subgroups
of G are modular and so G is a solvable P7-group. Therefore we can suppose
that G is not nilpotent. If L is the nilpotent residual of G, then G/L is a solvable
PT-group and G is a solvable P7-group by Theorem 9. O
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5. A counterexample. Finally we present an example of a group with all subnormal
subgroups of defect two permutable which is not a P7-group.

Example. Let A = (a) be a cyclic group of order 27. Then A has an automorphism
b of order 9 acting on A as a® = a*. The corresponding semidirect product M =
[A](b) is an Iwasawa group. Note that the center of G has order 3.

On the other hand, let D = SL3(4). This group has center of order 3. We can
construct the central product C' of D and M in which both centers are identified.

Let ¢ be an automorphism of order 3 acting on D as the inner automorphism
induced by the matrix
1 00
01 0f,
0 0 u
where p is a generator of the multiplicative group of GF(4), and on M as the inner
automorphism of M induced by a3. Since t acts trivially on the centers of D and

M, t induces an automorphism of C of order 3. We see that D(t) is isomorphic to
GL3(4). Let G be the semidirect product G = [C](t).

We see that O3(G) = M is the solvable radical of G and that D is the solvable
residual of G. On the other hand, every normal subgroup of M is normal in G
because it is centralized by D and normalized by t. Furthermore, all 3’-elements
of G centralize M. It follows that the normal closure (H) of a subgroup H of
M in G coincides with the normal closure (H?) of H in a Sylow 3-subgroup P
of GG, and since D centralizes M and t acts on M as an inner automorphism,
it coincides with the normal closure (HM) of H in M. We can check that every
subnormal subgroup of G of defect 2 is permutable in G: For the solvable subnormal
subgroups, which are contained in M, it is enough to check permutability in P,
and these subgroups are conjugate to (b, a’), to (ba,a’), to (ba?,a’) or to (b3). For
an insolvable subgroup H, H contains D and since G/D is a P7T-group, H/D is
permutable in G/D and so H is permutable in G. Nevertheless, the subgroup (b)
is a subnormal subgroup of M (and so of G) of defect 3 which does not permute
with (¢), because (b, t) contains the element b* = b*° = ba=? and so a® € (b, t).
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