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1 Introduction and statement of results

All groups considered here are finite. A T-group is a group G in which normality is
a transitive relation, that is, if H / K / G, then H / G. T-groups were studied by
Gaschütz [21] and he proved

Theorem 1 ([21]). Let R be the nilpotent residual of the group G. Then G is a solvable

T-group if and only if R is an abelian Hall subgroup of G on which G acts by conjuga-

tion as power automorphisms and G=R is a Dedekind group.

Throughout the rest of this paper, the hypercenter, nilpotent residual, Fitting sub-
group and Frattini subgroup of G will be denoted by Z�ðGÞ, g�ðGÞ, FitðGÞ and FðGÞ
respectively. In [18] the first two authors introduce a new class of groups, the so-
called T1-groups. A group G is a T1-group if G=Z�ðGÞ is a T-group. Some of the
basic properties of T1-groups are established in [18]. The present work is a continua-
tion of [18].

In the light of [18, Theorem A] and Theorem 1, we begin with

Theorem A. Let G be a group and let R ¼ g�ðGÞ and S ¼ Z�ðGÞ. Then G is a solvable

T1-group if and only if the following hold:

(i) RS=S is an abelian Hall subgroup of G=S;

(ii) G acts by conjugation on R=R 0 as a group of power automorphisms.

A subgroup H of a group G is said to be permutable in G if HK ¼ KH for all sub-
groups K of G, and H is said to be Sylow permutable or S-permutable if HS ¼ SH

for all Sylow subgroups S of G. Kegel [22] showed that an S-permutable subgroup of
G is subnormal. From this it follows that S-permutability is a transitive relation in G

(i.e. H is S-permutable in G whenever it is S-permutable in some S-permutable sub-
group of G), precisely when every subnormal subgroup of G is S-permutable. Groups
with this property are called PST-groups. Likewise groups in which permutability is



transitive, the so-called PT-groups, are precisely the groups in which every subnor-
mal subgroup is permutable.

This means that T-groups form a subclass of the class of PT-groups which is in
turn a subclass of the class of PST-groups. These classes have been studied in detail
in [4], [9], [10], [11], [20], and [26].

Agrawal [1] and Zacher [29] prove the following:

Theorem 2. Let R be the nilpotent residual of a group G.

(i) (Agrawal) G is a solvable PST-group if and only if G acts by conjugation as a

group of power automorphisms on R and R is an abelian Hall subgroup of G.

(ii) (Zacher) G is a solvable PT-group if and only if it is a solvable PST-group and all

subgroups of G=R are permutable.

A group G is called a T0-group if G=FðGÞ is a T-group. Further, G is called a T 0
0-

group (resp. a T 00
0 -group) if G=FðGÞ is a PT-group (resp. a PST -group). T0-groups

were introduced in [28] and were studied in detail in [12], [18], [24], [28].
Let S denote the class of solvable groups and T0ðSÞ the class of solvable T0-

groups. Further, let T 0
0ðSÞ (resp. T 00

0 ðSÞ) denote the class of all solvable T 0
0-groups

(resp. T 00
0 -groups). In [24] the third author proved the following theorem.

Theorem 3. (i) T0ðSÞ ¼ T 0
0ðSÞ ¼ T 00

0 ðSÞ.

(ii) Let G be a group with R ¼ g�ðGÞ. Then G is a T0ðSÞ-group if and only if R is a

nilpotent Hall subgroup of G and G acts by conjugation as a group of power auto-

morphisms on RFðGÞ=FðGÞ.

Let T1ðSÞ denote the class of solvable T1-groups and let T 0
1ðSÞ (resp. T 00

1 ðSÞ)
denote the class of all solvable groups G such that G=Z�ðGÞ is a PT-group (resp.
PST-group). A result similar to Theorem 3(i) is

Theorem B. T1ðSÞ ¼ T 0
1ðSÞ ¼ T 00

1 ðSÞ.

By [18, Lemma 1], all subgroups of a solvable T1-group are T1-groups. This leads
to our next statement.

Theorem C. Let G be a group.

(i) If all subgroups of G are T1-groups then G is supersolvable.

(ii) The following statements are equivalent:
(ii)1 G is a solvable T1-group;
(ii)2 all subgroups of G are T1-group;
(ii)3 G is a supersolvable T1-group.

A similar result for T-groups is the following:
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Theorem 4 ([19], [28]). Let G be a group. The following statements are equivalent:

(i) G is a solvable T-group;

(ii) all subgroups of G are T-group;

(iii) G is a supersolvable T-group.

The next three theorems provide some indication on how close TðSÞ is to T1ðSÞ.

Theorem D. Let G be a group.

(i) If all Sylow subgroups of G are T-groups and all subgroups of G are T1-groups,
then G=ZðGÞ is a T-group and jG 0 VZðGÞjc 2.

(ii) Let G=ZðGÞ be a solvable T-group and let jG 0 VZðGÞjc 2. If P is a Sylow p-

subgroup of G, then P is abelian if p is odd and of class at most 2 if p ¼ 2.

To simplify the statement of the next theorem we introduce notation for a certain
family of groups. Let p, q be primes such that q divides p� 1. We denote by
Hðp; q; nÞ the extension of an elementary abelian p-group ha; bi of order p2 by a cy-
clic group hci of order qn such that Hðp; q; nÞ is non-abelian, c centralizes a and cq

centralizes b. This describes the group up to isomorphism.

Theorem E. The following statements are equivalent for a T1-group G:

(i) All proper subgroups of G are T-groups;

(ii) G satisfies one of the following conditions:
(ii)1 G is a solvable T-group;
(ii)2 G is a minimal non-abelian p-group or a quaternion group Q16;
(ii)3 G is isomorphic to some Hðp; q; nÞ.

Theorem F. The following statements are equivalent for a solvable T1-group G:

(i) all proper quotient groups of G are T-groups;

(ii) G satisfies one of the following conditions:
(ii)1 G is a T-group;
(ii)2 G is a p-group, jG 0j ¼ p and ZðGÞ is cyclic;
(ii)3 G is isomorphic to a non-abelian subgroup of HolðCpÞ � Cp for some prime p;
(ii)4 G is an extension of a group of type (ii)2 above, of exponent p, by a cyclic

group of order 2 such that jG=G 0j ¼ 2.

A study of the local properties of T-groups was initiated by Robinson in the sem-
inal paper [25]. Further studies of local properties of T-groups, PT-groups and PST -
groups have been carried out by many authors; see [2], [5], [6], [8], [9], [13], [14], [15].

Let p be a prime. A group G satisfies Cp if and only if each subgroup of a Sylow
p-subgroup P of G is normal in the normalizer NGðPÞ. Since subgroups of solvable
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T-groups are T-groups, it follows that solvable T-groups are Cp-groups for all primes
p. Robinson [25] proved

Theorem 5. A group G is a solvable T-group if and only if G is a Cp-group for all

primes p.

Let G be a group and let Zp be the Sylow p-subgroup of the hypercenter Z�ðGÞ of
G. A group G satisfies Cp if and only if G=Zp is a Cp-group. We now present a local
version of solvable T1-groups.

Theorem G. A group G is a solvable T1-group if and only if G is a Cp-group for all

primes p.

A product of two groups A and B is called mutually permutable if AX ¼ XA and
YB ¼ BY for all subgroups X cB and Y cA. Mutually permutable products have
been studied in detail in [7], [16], [17]. The following statement shows a connection
between p-supersolvability and mutually permutable products.

Theorem H. If G is a mutually permutable product of the p-supersolvable group A and

the p-solvable Cp-group B, then G2 is p-supersolvable.

Theorem G and Theorem H together have the following consequence:

Corollary. If G is a mutually permutable product of the supersolvable group A and the

solvable T1-group B, then G2 is supersolvable.

2 Preliminary results

In this section we provide certain facts and results that will be used in proving Theo-
rems A–H.

Lemma 1. Let G be a group and let R ¼ g�ðGÞ, S ¼ Z�ðGÞ. Assume that R is nilpotent

and RS=S is a Hall subgroup of FitðG=SÞ. Then FitðG=SÞ ¼ RS=S ¼ FitðGÞ=S.

Proof. Denote FitðGÞ by W . Since S ¼ Z�ðGÞ we have FitðG=SÞ ¼ W=S. Note
that RS=ScW=S. Let H=S be a Hall subgroup of W=S such that
W=S ¼ RS=S �H=S. Since G=RSG ðG=SÞ=ðRS=SÞ is nilpotent, we have
RH=RScZ�ðG=RSÞ. Now

RH=RS ¼ RSH=RSGH=H VRS ¼ H=S

and this isomorphism is an operator isomorphism, showing that H=ScZ�ðG=SÞ
and HcZ�ðGÞ since ScZ�ðGÞ. This proves Lemma 1. r

Some well-known results concerning Cp are given in the next lemma and their
proofs can be found in [8], [23], [25].
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Lemma 2. Let p be a prime. Then

(i) Cp is a subgroup-closed class.

(ii) Let M be a normal p 0-subgroup of the group G. If G=M is a Cp-group, then so is

G.

(iii) If G is a Cp-group and N / G, then G=N is a Cp-group.

Lemma 3. Let p be a prime. If G is a p-solvable Cp-group, then G is p-supersolvable.

Proof. Let V be a counter-example of minimal order. Then V has only one minimal
normal subgroup; we call it M. We see that M must be a non-cyclic p-subgroup, and
since Z�ðVÞ ¼ 1 we have that V is a Cp-group. Let S be some Sylow p-subgroup of
V . Then every subgroup of S is normal in NðSÞ and S is a Dedekind group. Let K be
a Hall p 0-subgroup of V . If KM0V , then KM is a Cp-group by Lemma 2(i) and all
subgroups of M are normal in KM and SM, so that M is cyclic by minimality, a
contradiction. If KM ¼ V , then M is the Sylow p-subgroup of V and V ¼ NðMÞ;
since V is a Cp-group, all subgroups of M are normal. Again, by minimality, M is
cyclic, a contradiction. So Lemma 3 is true. r

3 Proofs of the main results

Proof of Theorem A. First assume that G is a solvable T1-group. Then G=S is a
T-group and by Theorem 1 the subgroup g�ðG=SÞ ¼ RS=S is a normal abelian Hall
subgroup of G=S; also R 0 cS, and ½R;G � ¼ R yields S VR ¼ R 0. By [18, Theorem
A], G acts by conjugation on R=R0 as a group of power automorphisms and (ii) holds.

Conversely, assume that (i) and (ii) hold for G. Then G is solvable, R 0 cS and
g�ðG=SÞ ¼ RS=S is a normal abelian Hall subgroup of G=S. Since RS=S is G-
isomorphic to R=ðRVSÞ and R 0 cRVS, it follows that the elements of G act as
power automorphisms on RS=S. Now S is the hypercenter of G and so G is super-
solvable. Thus G 0 is nilpotent. By Lemma 1 we have RS=S ¼ FitðG=SÞ ¼ G 0S=S and
hence ðG=SÞ=g�ðG=SÞ is an abelian group. By Theorem 1, G=S is a T-group and so G

is a T1-group. r

Proof of Theorem B. Let G belong to T 00
1 ðSÞ. By Theorem 2, G acts by conjugation on

the normal abelian Hall subgroup g�ðG=SÞ ¼ RS=S of G=S (here R ¼ g�ðGÞ and
S ¼ Z�ðGÞ) as a group of power automorphisms. Hence G=S is supersolvable and
so is G which means that G 0 is nilpotent. By Theorem 1, it remains to show that
ðG=SÞ=g�ðG=SÞ is abelian. By Lemma 1 we have FitðG=SÞ ¼ RS=S and hence
G 0S=S ¼ RS=S ¼ g�ðG=SÞ. Therefore ðG=SÞ=g�ðG=SÞ is abelian. r

Proof of Theorem C. By [18, Lemma 1], all solvable subgroups of G are supersolv-
able. A proposed minimal counter-example to (i) in Theorem C is a group with all
proper subgroups supersolvable, and so is solvable by a result of Huppert (see [27,
Theorem 10.3.4]), and hence supersolvable, contrary to construction. On the other
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hand, by [18, Lemma 1], subgroups of solvable T1-groups are T1-groups. So Theorem
C is true. r

Proof of Theorem D(i). Assume that all Sylow subgroups of G are T-groups and that
all of its subgroups are T1-groups. Then by Theorem C the group G is a supersolv-
able T1-group and its Sylow p-subgroups of odd order are abelian, while its Sylow
2-subgroups are Dedekind groups. The nilpotent residual R of G is nilpotent of odd
order since G is supersolvable. It follows that R is abelian. On the other hand, G=R is
a Dedekind group and ðG=RÞ0 ¼ G 0=R is of order at most 2. Also G 0 is nilpotent so
that G 0 is abelian. The hypercenter S of G is a Dedekind group and the Hall 2 0-
subgroup V of S is abelian and contained in ZðGÞ since ½VR;G� ¼ ½V ;G� � R ¼ R.
Therefore S=ZðGÞ is a 2-group and RZðGÞ=ZðGÞ is an abelian Hall subgroup of
G=ZðGÞ. By [18, Theorem A] and Theorem 1, G=ZðGÞ is a T-group.

Let D be a Sylow 2-subgroup of G. Then D 0 cDVG 0 cZðGÞ and DZðGÞ=ZðGÞ is
an abelian 2-group. Thus all Sylow subgroups of G=ZðGÞ are abelian so that
jG 0 VZðGÞjc 2 by a result of Taunt ([27, (10.1.7)]). r

Proof of Theorem D(ii). Assume that G=ZðGÞ is a solvable T-group and that
jG 0 VZðGÞjc 2. By [18, Lemma 1], G is a supersolvable T1-group. Let p be a prime
divisor of jGj and let P be a Sylow p-subgroup of G. Assume that p > 2. Then
PZðGÞ=ZðGÞ is abelian and P 0 cG 0 VZðGÞ. But jG 0 VZðGÞjc 2 by hypothesis so
that P 0 ¼ 1 and so P is abelian.

We now consider p ¼ 2. Then jP 0ZðGÞ=ZðGÞjc 2; also note that jP 0 VZðGÞjc 2.
We want to show that PZðGÞ=ZðGÞ is abelian. Since G=ZðGÞ is a solvable T-group,
it is 2-nilpotent and PZðGÞ=ZðGÞ is a Dedekind group. If PZðGÞ=ZðGÞ is non-
abelian, it is a direct product of a quaternion group AGQ8 and an elemen-
tary abelian group B, and P2ZðGÞ=ZðGÞ ¼ hu;ZðGÞi=ZðGÞ has order 2. Now
P2ZðGÞ ¼ P 0ZðGÞ is a normal subgroup since G=ZðGÞ is a T-group, and
P 0 cZ�ðGÞ. If P 0 is cyclic, P must be nilpotent of class 3 and not of class 2. This
yields that P 0 VZðGÞ ¼ ½P;P 0� ¼ ½P; hui�. However, since P has a basis of elements
of (exact) order 4 and these elements all have square u, we have ½P; u� ¼ 1, a contra-
diction, and u A P 0 VZðPÞ. This shows that PZðGÞ=ZðGÞ must be abelian. Hence
P 0 cZðGÞ and P is of class at most 2. r

Proof of Theorem E. It is clear that (i) is a consequence of (ii).
Assume now that G satisfies (i). Then all proper subgroups of G are supersolvable,

and so G is solvable. By [18, Lemma 1], G is supersolvable. Assume that G is not a
T-group and that G is a p-group for p > 2. Then every subgroup is a T-group and
thus abelian. This means that G is a minimal non-abelian group. Assume that G is a
2-group and not minimal non-abelian. Then G is a minimal non-T-group and by a
result of Robinson [26] it is isomorphic to the quaternion group of order 16.

We have shown that a group G satisfying (i) but not (ii) is not a p-group. Note that
G is a minimal non-T-group and ZðGÞ0 1. By Theorem 5 there is a prime p such
that G is not a Cp-group. Let P be a Sylow p-subgroup and put N ¼ NGðPÞ.
If N0G then N is a T-group, which means that G is a Cp-group. Thus
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N ¼ NGðPÞ ¼ G. Let X be a Hall p 0-subgroup of G. Then G is the semidirect prod-
uct of P by X . By Theorem 1 there is an element y A X of order qm which does
not induce a power automorphism in P. Thus hy;Pi is not a T-group, so that
G ¼ hy;Pi and X ¼ hyi. Now G is supersolvable, so that p is the largest prime di-
visor of jGj and hence P is abelian.

Let S be the hypercenter of G. Assume that S is a q-group. There is an element
t A P such that hti is not normal in G. Now G=S is a T-group, so that htiS / G.
But this means that hti is a normal Sylow p-subgroup of htiS so that hti / G, a con-
tradiction. Thus p divides jSj. Let c A ZðGÞ be an element of order p.

Now let W denote the subgroup of P generated by all of its elements of order p

and assume that W 0P. Then W / G and hy;Wi is a T-group. By Theorem 1 the
element y acts as a power automorphism on W . But cy ¼ c and so ½W ; y� ¼ 1. Now y

induces a p 0-automorphism of P which acts as the identity on W1ðPÞ ¼ W and so acts
as the identity also on P. This is a contradiction, so that W ¼ P and P is elementary
abelian. There is an element a A P such that hai is not normal in G. By Maschke’s
Theorem P ¼ ha1i� � � � � hati where each haii is an irreducible hyi-module.
Assume that t > 2. Then hha1i� � � � � hat�1i; yi and hha2i� � � � � hati; yi are
proper subgroups of G and hence T-groups. Now y induces power automorphisms
in both ha1i� � � � � hat�1i and ha2i� � � � � hati, and since a2 0 1 belongs to
both of them, the power is the same in both cases; and all subgroups haicP are
y-invariant, contrary to assumption. So t ¼ 2 and P ¼ hai� hbi. We may assume
that b A ZðGÞ. The element y centralizes hbi; note also that hP; yqi is a T-group,
and so yq acts as the identity mapping on hai. Therefore GGHðp; q;mÞ and Theo-
rem E is proved. r

Proof of Theorem F. It is easy to verify that all groups in (ii) satisfy (i). Assume that G
satisfies (i) and is not a T-group. The solvable T1-group G is supersolvable and all of
its minimal normal subgroups are cyclic. Now ZðGÞ0 1 and G has a normal Sylow
p-subgroup P, where p is the largest prime divisor of jGj.

Assume first that G has more than one minimal normal subgroup. Then by Theo-
rem 1 and [18, Theorem A], the minimal normal subgroups have order p and
P ¼ FitðGÞ. Assume further that p is odd. For every minimal normal subgroup N

the group FitðGÞ=N is abelian, and so in our case FitðGÞ is abelian. Let R be the nil-
potent residual of G and N1;N2 cZðGÞ be two minimal normal subgroups of G.
Since G=N1, G=N2 are T-groups, we have ½P;G �cN1 VN2 ¼ 1 and G is abelian,
which is excluded. So we may assume that N2 GZðGÞ and N1 cZðGÞ. We deduce
that G=N2 operates by conjugation on P=N2 as a group of power automorphisms
and fixes N1N2=N2 elementwise. So ½P;G� ¼ N2. On the other hand, arguing via
G=N1, we have ½G;P�N1 ¼ P and P ¼ N1 �N2. This shows that G is isomorphic to
a non-abelian subgroup of HolðCpÞ � Cp, and G satisfies (ii)3. Now assume that
p ¼ 2. Then G is a 2-group and G=M is a Dedekind group for every proper normal
subgroup M of G. If jG 0j ¼ 2, then G has a normal subgroup K of order 2 such that
K VG 0 ¼ 1 and G=K is Hamiltonian. Thus G must contain a subgroup of the form
Q8 � C4 where G 0 ¼ Q 0

8 and K is the subgroup of C4 of order 2. There is a third min-
imal normal subgoup L of G contained in KG 0, and G=L is mapped onto the central
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product of Q8 and C4, and this group is not a Dedekind group. So if G is a 2-group
satisfying (i) which is not a T-group then it cannot have more than one minimal nor-
mal subgroup.

It remains to consider groups G with a unique minimal normal subgroup, N say.
Note that NcZðGÞ, jNj ¼ p and FitðGÞ ¼ P. Assume that FitðGÞ ¼ G. If p is odd,
then G=N is abelian and G 0 ¼ NcZðGÞ and ZðGÞ is cyclic. This is case (ii)2. If
p ¼ 2 and G=N is abelian we obtain (ii)2 as in the case for odd primes. If p ¼ 2,
and G=N is non-abelian, then G=N is Hamiltonian. In this case X=N ¼ G 0=N is of
order 2 and G=N has a set of generators giN (each of order 4), such that
hðgiÞ2iN ¼ X . Now ½gi;X � ¼ 1 for all i and X cZðGÞ. Now G has only one mini-
mal normal subgroup, and so X must be cyclic. Thus G is of nilpotency class 2 and
G=ZðGÞ is elementary abelian. But then G 0 is also elementary abelian, a contradic-
tion. So G 0 ¼ N and G satisfies (ii)2.

Assume now that FitðGÞ0G and that G has a unique minimal normal subgroup
N. Then N must be a p-group for odd prime p and FðGÞ ¼ P; also P=N is a T-group
and P 0 ¼ N since N is the only minimal normal subgroup of G. So P satisfies (ii)2.
Since G=N is a T-group and FitðGÞ=N ¼ FitðG=NÞ, which is a p-group, we have
G 0 ¼ FðGÞ and the elements of G=N induce power automorphisms on P=N and the
identity on N. The only non-identity power automorphism of P=N doing this is the
inverting automorphism, and this is only possible if P is of exponent p. So jG=Pj ¼ 2
and G satisfies (ii)4. Now all cases are treated, and we have proved Theorem F. r

Proof of Theorem G. Assume that G is a Cp-group for all primes p. We must show
that G=Z�ðGÞ is a solvable T-group. By Theorem 5 it is enough to show G=Z�ðGÞ is a
Cq-group for all primes q. Assume that q does not divide jZ�ðGÞj. Then G is a Cq-
group, so that G=Z�ðGÞ is also a Cq-group. Now assume that q divides jZ�ðGÞj and
let Zq be the Sylow q-subgroup of Z�ðGÞ. Then G=Zq is a Cq-group and by Lemma
2(iii) the group ðG=ZqÞ=Z�ðG=ZqÞ is a Cq-group. Since Z�ðG=ZqÞ ¼ Z�ðGÞ=Zq it fol-
lows that G=Z�ðGÞ is a Cq-group and by Theorem 5, G=Z�ðGÞ is a solvable T-group.

Conversely, assume that G=Z�ðGÞ is a solvable T-group. We shall show that G is a
Cq-group for all primes q. Assume that q divides jZ�ðGÞj. Note that G=Zq is a solv-
able T1-group by [18, Lemma 1].

If q does not divide jG=Zqj, then G=Zq is a Cq-group and hence G is a Cq-group.
Suppose instead that q divides jG=Zqj. Now q does not divide jZ�ðGÞ=Zqj and hence,
by induction, G=Zq is a Cq-group. This means that G=Zq is a Cq-group and G is a
Cq-group.

Next assume that q does not divide jZ�ðGÞj. By Theorem 5 the group G=Z�ðGÞ is a
Cq-group. Since Z�ðGÞ is a q 0-group, G is a Cq-group by Lemma 2(ii). Thus G is a Cq-
group and the proof is complete. r

Proof of Theorem H. By hypothesis, A is p-supersolvable, and so all chief factors of
order divisible by p have order p. The group A induces on each of them a cyclic
group of automorphisms of order dividing p� 1. So A 0Ap�1 is p-nilpotent. On the
other hand, the p-solvable Cp-group B is p-supersolvable by Lemma 3, with the
additional property that the normalizer NðSÞ ¼ NGðSÞ of the Sylow p-subgroup S
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induces power automorphisms on the Sylow p-subgroup and so NðSÞ=CðSÞ is cyclic
of order dividing p� 1.

First assume that p ¼ 2. Then A is 2-nilpotent. Also B is 2-nilpotent. By [16, The-
orem 4], G is 2-nilpotent and hence 2-supersolvable. Assume now that p is odd. By
[16, Theorem 6], G=ðAVBÞG is p-supersolvable and so ðAVBÞG 0 1. Assume that
G=N is p-supersolvable for all normal subgroups N0 1 of G. Then G has a unique
minimal normal subgroup M, and we have McAVB and FitðGÞ is a p-group. Now
FitðGÞ is supersolvably embedded in G if and only if FitðGÞ=FðFitðGÞÞ is supersolv-
ably embedded in G=FðFitðGÞÞ. So M VFðFitðGÞÞ ¼ 1 and FitðGÞ is an elementary
abelian p-group. By Maschke’s Theorem FitðGÞ must be a direct product of normal
subgroups and so M is the Sylow p-subgroup of G. Since M is the Sylow p-subgroup
both of A and of B, the group A=ðCðMÞVAÞ is abelian of exponent dividing p� 1
since A is p-supersolvable. Also B=ðCðMÞVBÞ is cyclic of order dividing p� 1 since
B is a p-supersolvable Cp-group. So B ¼ hx;CðMÞVBi for some x. If x induces a
power automorphism on M, then

G=CðMÞ ¼ ðACðMÞ=CðMÞÞðBCðMÞ=CðMÞÞ;

where the first factor ACðMÞ=CðMÞGA=ðCðMÞVAÞ is abelian of exponent divid-
ing p� 1 and the second BCðMÞ=CðMÞGB=ðCðMÞVBÞ is of exponent dividing
p� 1 and contained in the center of G=CðMÞ. So G=CðMÞ is abelian of exponent
dividing p� 1 and G is p-supersolvable, contradicting our assumption. This
shows that x does not induce a power automorphism on M and we have
M ¼ ðCðxÞVMÞ � ½x;M �, with both direct factors non-trivial. Since B is a Cp-
group, x operates as a power automorphism on ½x;M �. For every subgroup U with
CðMÞcU cG we put Uþ ¼ U=CðMÞ Then Gþ ¼ AþBþ is metabelian, and we
choose a maximal abelian subgroup Dþ d ðG 0Þþ. We consider two cases: x A D and
x B D.

If x A D, then Dþ VAþ cZðGþÞ, and by minimality of M we have that ZðGþÞ
must be cyclic by Schur’s Lemma. So D ¼ hy; x;CðMÞi with y A A. Since x does
not operate on M as a power automorphism, xCðMÞ does not generate a normal
subgroup of Gþ, and conjugates are contained in the abelian subgroup Dþ. On the
other hand, y operates as a power automorphism on M since yCðMÞ A ZðGþÞ. A
conjugate sCðMÞ of xCðMÞ must be an element xey f CðMÞ; here y f induces a power
automorphism on M while x induces a power automorphism on ½x;M �0M. The
conjugate s of x similarly induces a power automorphism on ½s;M �0M. If xD s

modulo CðMÞ, the only possibility is ½x;M � ¼ CðsÞVM and ½s;M � ¼ CðxÞVM,
and so if y�g induces the same power automorphism on ½x;M � as x, we have
s1 x�1yg modulo CðMÞ as the only possibility. Since Dþ is self-centralizing in Gþ,
yCðMÞ A ZðGþÞ and jGþ : CGþðxCðMÞÞj ¼ 2, we have jGþ : Dþj ¼ 2; also Dþ is
abelian of exponent dividing p� 1. So G2 is p-supersolvable in this case.

Assume now that x B D. Then x acts non-trivially by conjugation on the abelian
group Dþ and M splits into jhx;Di=Dj many D-invariant subspaces on which D

acts as a group of power automorphisms, and di¤erently on di¤erent subspaces.
Now recall that M ¼ ðCðxÞVMÞ � ½x;M � and that x acts as a power automorphism
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on ½x;M �. Since x permutes the two D-invariant subspaces of M, we have that x in-
verts ½x;M � by conjugation and x2 A CðMÞ. Hence D ¼ A is p-supersolvable and
G2 cA. This completes the proof of Theorem H. r

Examples. Let p ¼ 41 and consider two extensions of the elementary abelian 41-
group ha; bi:

(i) Choose hc; di with d�1cd ¼ c9 and c20 ¼ d 2 ¼ 1, and put

c�1ac ¼ a2; c�1bc ¼ b20; d�1ad ¼ b:

Then A1 ¼ ha; b; ci is 41-supersolvable and B1 ¼ ha; b; di is a T1-group, and
A1ðB1Þ2 ¼ A1 is 41-supersolvable.

(ii) Choose he; f i with e40 ¼ f 4 ¼ 1 and e�1fe ¼ e10f �1, and put

e�1ae ¼ b; e�1be ¼ a2; f �1af ¼ a; f �1bf ¼ b9:

Then A2 ¼ ha; b; ei is 41-supersolvable and B2 ¼ ha; b; f i is a T1-group, and
ðA2Þ2

B is 41-supersolvable.

This shows that both situations considered in the proof of Theorem H really occur.
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