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In this paper we classify which simple groups contain proper nontrivial seminor-
mal subgroups. We also develop a Suchr-Zassenhauz like theorem for seminormal
subgroups. T 1994 Academic Press, Inc.

INTRODUCTION

In [6] Su introduces the concept of seminormal subgroups and using
this tool he gives four sufficient conditions for supersolvability. In [7]
Wang uses seminormal subgroups in order to obtain some sufficient
conditions for nilpotency. Since every normal subgroup is seminormal in
this paper we classify which simple groups contain proper nontrivial
seminormal subgroups. This classification gives examples of seminormal
subgroups that are not quasinormal, since by [5, 13.2.1] any quasinormal
subgroup is subnormal. We also develop a Suchr-Zassenhauz like theorem
for seminormal subgroups. In this paper all groups are assumed to be
finite.

For the reader’s convenience we include the following three theorems:

THEOREM [7, Theorem 1; 6, Proposition 1]. If A is seminormal in G,
then for each x in G, A~ is also seminormal and S(A4)= S(A~). Moreover, if
Be S(A), then for each y in G, B € S(A).

THEOREM [7, Theorem 3; 6, Proposition 3]. Let M be a maximal
subgroup of G, then M is seminormal in G if and only if the index of M in
G is a prime.

THEOREM (5, Satz3]. Let A and B be subgroups of G. Suppose that for
all xe G, A and B* are permutable; if AB# G, then at least one of A and
B is contained in a proper normal subgroup of G.
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SEMINORMAL SUBGROUPS OF SIMPLE (GROUPS

THEOREM 1. A simple group G contains a proper nontrivial seminormal
subgroup A if and only if the index of A in G is a prime.

Proof. 1f A is a subgroup of prime index in G then by [7, Theorem 3],
A<, G.

Assume A is a proper nontrivial seminormal subgroup of G, and that
[G:A]=rs where r is a prime and s# 1. Let Be S(A), there exists a
be B such that o(b)=r. Then, for geG, A<bY*=<{b)¥ A< G since
b%e B*e S(A) [7, Theorem 1]. Thus by [5, Satz 3], G contains a proper

normal subgroup, a contradiction. |

LEMMA 1. If G is a simple group and G has a subgroup of prime index
p, then p is the largest prime dividing |G| and p* does not divide |G|, and
p>3.

Proof. Since G contains a subgroup of prime index, we get a map from
G to Z,. And since G is simple |G| | [Z,]. §

THEOREM 2. A simple group G contains a proper nontrivial seminormal
subgroup if and only if one of the following holds:

(a) G=A,and H=A,_ | (p a prime).

(b) G=PSL,(q) (q a prime) and H is the stabilizer of a line or
nyperplane, and [G - H]=(q" — 1)/(¢—1)=p, p a prime (note in this case
n is a prime greater than 2).

{(¢) G=PSL,(11) and Hx= A, in this case [G: H]}=11.

(d) G=Myyand H=M,, or G=M,, and H=M ;.

Proof. From [3, Theorem 1] we see that the above are the only

options for a simple group G to have a subgroup of prime index. Note that
in (b), n>2since p>3. |

THEOREM 3. If G is a simple group, then all proper nontrivial seminormal
subgroups of G are conjugate in Aut(G).

Proof. Lemma 1 gives the uniqueness of p, thus by [3, Theorem 1;17]
all proper nontrivial seminormal subgroups of a simple group are
conjugate in Aut(G). |J

SUCHR-ZASSENHAUZ FOR SEMINORMAL SUBGROUPS

LemMa 2. If A<,, G then for any Be S(A) if X={beB| b is a n(A)-
element}, X° < A.
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Proof. For any be X, A(bY<G and |A(b)|=A] |{bD|/I{b>|/|AN
{(b>|=|A| since |<b)| is a n(4)-number.

Thus <(b><A and T={X)><A4. Since for all geG, BfeS(4)
[7, Theorem 1] we see that X°=T%<G. |

THEOREM 4 (Suchr-Zassenhauz for Seminormal Subgroups). Let A be
a seminormal Hall n-subgroup of G, then any Be S(A) is a Hall n’-subgroup
of G. In particular Hall n'-subgroups of G exist. And A commutes with all
g-subgroups Q of G where g is a n’-prime.

Proof. Given any Be S(A4), set K= B 4, then since K is a n-subgroup,
K< A (Lemma2). Since for every be B, and keK, k?cB and is a
n-element k€ K and K is normal in KB = B.

Given that B=KB<G, since [G:A]=[B:K], (|K|, [B:K])=1. And
since K is normal in M, by the Suchr-Zassenhauz Theorem [5, Theorem
9.127] there exists a subgroup T< Boforder [G: A4],s0 AT=G and T=B.
Thus B is a Hall n’-subgroup of G.

Given a g-subgroup Q of G where g is a n’-prime, then Q € B¥e S(A4) [7,
Theorem 1] for some ge G, thus AQ=0A4. |

Note. We can have two subgroups A and B of a group G such that
|A|=[G:B] and (|B|, {G: B])=1, but neither of them is seminormal
(note that they are permutable by [4, Theorem 87).

ExaMPLE. Let G = PSL,(2), then G has a subgroup 4 of index 8 and a
sylow 2 subgroup of order 8, but from Theorem 2 neither is seminormal.

Lemma 3. If A={x)><,, G and |A| is a prime, then either A <FratG
or for any Be S(4), AnB=1

Proof. If GeS(A), then for all maximum subgroups M of G, AM =
MA=M,so A<FratG. |
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