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Abstract

The topic of this paper is the investigation of coverings of a loop by subloops. A loop has a cov-
ering by subloops if it is the set-theoretic union of proper subloops. If the set of subloops is finite,
the covering is called finite. Coverings of groups by subgroups have been widely investigated and
key results are detailed in the introduction. Various analogues for loops of the results for groups are
obtained. An example of an infinite loop which is the union of three proper commutative subloops,
but has no finite homomorphic images and has a trivial center, shows that the results for loops cannot
be as general as for groups, justifying additional assumptions on the loops or the coverings.
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1. Introduction

A group is said to have a covering by subgroups if it is the set-theoretic union of proper
subgroups, and if the set of subgroups is finite, we say the covering is finite. Such cover-
ings have been widely studied in groups, and recently analogous problems for rings and
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for semigroups were discussed[ln11], respectively. It is only natural to look into such
problems in the more general setting of loops. This is the topic of this paper. (For basic facts
on loops we refer to Section 2). To develop our theme, we first look at the background and
history of group coverings.

Results on finite coverings by subgroups first appeared in a book by S&@tzeith an
emphasis on coverings by a small number of subgroups. The following theorem, rediscov-
ered by other authors, e [§.,9], appeared for the first time [17].

Theorem 1.1. A group is the set-theoretic union of three proper subgroups if and only if
the group has a homomorphic image isomorphic to the Kdegmoup.

Bernhard Neumann if12,13]investigated coverings by cosets. The following theorem,
often called Neumann’s Lemma, is a key to many of the group theoretic results. In particular,
a characterization of groups having finite coverings is stated as a corollary of the following
theorem.

Theorem 1.2. LetG = Uf;l giH;, whereHq, ..., H; are (not necessarily distinct) sub-
groups of GThen if we omit from the union any cosefsH; for which[G : H;] is infinite,
the union of the remaining cosets is still all of G

Corollary 1.3. A group has a finite covering by subgroups if and only if it has a finite
non-cyclic homomorphic image

An unpublished result by Reinhold Baer ($&6, Theorem 4.§]leads to the investigation
of finite coverings by special subgroups as can be fourj, k0].

Theorem 1.4. A group is central-by-finite if and only if it is the union of finitely many
abelian subgroups

As in the case of semigroups jhl], we cannot expect results for loops as general as
those stated above for groups. As we will show, the only result which carries over directly
to loops is the well-known observation that no group is the union of two proper subgroups.
In Section 4, we will provide an example of an infinite non-commutative loop which is the
union of three proper subloops, each of them in fact is an abelian group. Furthermore, the
loop has no finite homomorphic image, in particular none which is isomorphic to the Klein
4-group, and its center is trivial. On the other hand, given any of these three subloops, the
loop can be written as the union of three cosets of this subloop.

Thus the question arises, as to what conditions we have to impose on the loop or its
covering to obtain results analogous to those for groups as stated above. These results
come in two stages. In the first, the assumptions of the Neumann Lemma for loops are not
necessarily satisfied; in the second, they are.

In the first stage we require that the cosets for each of the subloops in the covering form
a partition of the loop. This leads to a Poincaré theorem for loops, discussed in Section 3.
With the help of this result we obtain in Section 5 several partial analogues of the results
for groups, provided all subgroups in the covering have a finite index in the loop.
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Inthe last section, we establish Neumann’s Lemma for loops. Here, additional conditions
have to be imposed on the coset decomposition of the loop modulo each subloop in the
covering. Such a decomposition is called a strong coset decomposition, which can be best
described as a closure operation on cosets. We establish another set of partial analogues of
the group results, where this time the finite coverings satisfy the assumptions of Neumann’s
Lemma for loops.

Following common practice, we call a subloop or a normal subloop of a loop a subgroup
or normal subgroup, respectively, provided it is a group. Coverings of loops by subgroups
make for an interesting question in this context. As we will see in Section 5, various types
of coverings by subgroups lead to different kinds of associativity conditions for the loop.

In conclusion, we want to mention that there are many other results on coverings of groups
by subgroups which seem to be worth investigation in the setting of loops. Examples include
coverings by normal subgroufgq and by subgroups with a certain property, e.g. §s,i0].

These investigations will be the topic of a future publication.

2. Preliminaries

Inthis section, we review a few concepts from loop theory, and establish some conventions
concerning notation. For basic facts about loops and quasigroups, we refer the reader to
Belousov|2], Bruck[6] and Pflugfeldef15].

A magma¥ consists of a set together with a binary operation off. Forx € %,
define the left (right) translation by as L(x)y = xy (R(x)y = yx) forall y € Z. A
magma in which all left and right translations are bijections is callgdasigroupA quasi-
group.? is anidempotent quasigrouip for any x € ., xx = x. A quasigroup? with a
two-sided identity element 1 such that for any: ¥, we havexl = 1x = x, is called a
loop.

A loop ¢ is calledpower-associativeif for any x € %, the subloop generated by
is a group. A loop? is left power-alternativeif for all x, y € & x™(x"y) = x""y for
any integersm andn. Similarly, we define aight power-alternative loopA loop % is a
power-alternative loopif it is both a right and left power-alternative loop. Taking= —1
andm = 1, we obtain thdeft inverse propertyLIP) x~1(xy) = y, and similarly theight
inverse propertfRIP) (yx)x 1 = y. Aloop . has thenverse propertyIP), if it has both
the right and left inverse property. A looff is diassociativeif for any x, y € %, the
subloop generated by andy is a group. Note that a diassociative loop has the inverse
property.

Theleft, middle andright nucleusof a loop.# are defined, respectively, as

Nug (%) :={x € Z:x(yz) = (xy)z Vy,z € &},

Nucnh (%) :={y € & : x(yz) = (xy)z Vx,z € &},

NuG(?) :={ze ¥ :x(yz) =(xy)z Vx,ye Z}.
The nucleus of a loog is defined as

Nuc(¥) := Nug (%) N Nucn(Z) N Nuc (%).
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Each of these is an associative subloog/fas follows from Theorem 1.3.5 ifL5]. The
centrumandcenterof a loop.# are defined, respectively, by

C(&)={xe& xy=yx VyeZ}
Z(Z) :=Nuc(¥)NC(Z).

Given aloop?, a subloopr” is said to benormalif, forall x, y € L, x(y #) = (xy). A",
xA = A'x,and (A x)y = A (xy) [6, p. 60, IV.1] These three conditions are clearly
equivalent to the pait (#y) = A (xy) andx(#"y) = (x#")y for all x, y € #". Note that
the center of a loop is a normal subloop. However, the centrum is not necessarily a subloop.

3. The index of a subloop and coset decomposition

In this section, we explore the notions of coset decomposition and index in the case of
loops, leading to Poincaré’s Theorem for loops.

Definition 3.1. Given aloop¥ and a subloop#, then deft cosebf # is a set of the form
xH ={xh:h e #}wherex € &, and aright coset has the forsffx = {hx : h € H#}.

To avoid cumbersome repetitions, we state our results only for left cosets. They hold also
for right cosets, unless stated otherwise.

Lemma 3.2. If # and.#" are subloops o/, thenforx € L, x(# NA)=xH# NxA .

Proof. Clearlyx(s# N4 Cx# NxA . Letl e x# Nx A, thenl=xh=xkforh e #
andk € . By cancellation we obtaih=k € # N#". O

The cosets of a subloop do not necessarily form a partition of the loop. This leads to the
following definition.

Definition 3.3. A loop . has a left (right)coset decomposition modul#’ if the left
(right) cosets form a partition (sd&5, Definition 1.2.10]. If ¥ has left and right coset
decompositions module?’, then we say tha¥”’ has a coset decomposition modut.

The proof of the next proposition can be found in Theorem 1.2.12 of Pflugf§lé&égr

Proposition 3.4. Aloop.Z has a left coset decomposition moduoif and only if for any
xe Xandh € H, (xh)H =xH.

Remark 3.5. By the definition of normal subloop, a loop has coset decomposition modulo
its normal subloops. Similarly, a loop has coset decomposition modulo its nucleus. This can
be seen as follows. Givene ¥ andn, n1 € Nuc(¥), then

(xn)n1 = x(nny), thus(xn)Nuc(¥) = xNuc(¥),

and similarly for the right-hand side.
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If aloop has a left coset decomposition modulo a subloop, then we can define a leftindex

of the subloop in the loop.

Definition 3.6. Let.# be aloop and# a subloop with? having a left coset decomposition
modulo 7, then aleft transversal Xof J# is a set of representatives, one from each left
coset. Théeftindex n, of # in ¢ is the cardinality o, denoted by.¥ : #]; =n, where
nis finite or infinite (note this is well defined since the left cosets form a partition).

Lemma 3.7. Let.¥ be aloop and#’, # subloops ofZ. If # has left coset decompositions
modulos# and#", then# has a left coset decomposition moduton .7 and ifx # Ny 4"
forx, y € & is non-emptythenx.# N y.#" is a left coset of#’ N 4" in &£ .

Proof. Letx € ¥ andt € # N . By Lemma 3.2 and Proposition 3.4 we have
x(HNAY=xH NxH =xO)H N xt)H = x0)(AH NA).

By Proposition 3.4 it follows that” has a left coset decomposition modwoN #". This
proves the first part of our claim.

Assume now that # N y#" is non-empty and € x# N y.% . By Proposition 3.4 it
follows z# = x# andz" = y A" Thusz# Nz A = xA N yx . By Lemma 3.2 we
obtainx# Ny A =z Nx). O

Proposition 3.8. Let.? be a loop and#” and.#" subloops of? with % having left coset
decompositions modulg” and.7". If # and ¢ have finite left index iZ, thens# N 4~
has finite left index inZ. Specifically

(LN ANS[L - HNNEL A

Proof. To each coset(# N #") assign the ordered pair of cos€is#’, x.#"). Since by
Proposition 3.4 we havech)# = x# and (xk) 4 = x forallh € #, k € A, this
assignment is well defined. We have to show that the mapgistgN.7") — (x A, xA"),is
aninjection. Letx#, x A" )=(y A, y.#") and suppose=yh=yk forsomer € # ,k € A .
By cancellation we conclude=k. By Proposition 3.4 itfollows that(# N7 =y(A# NA").

O

The following corollary is Poincaré’s Theorem for loops.

Corollary 3.9. Let¥ bealoop and#, ..., #, subloops of? with ¢ having left coset
decompositions modulets, ..., #,. If 1, ..., #, each have finite left index i,
thens#1 N ...N A, has finite left index inZ.

Given a loop# and a subloop#’, then it is clear that? = | J,. ox# so % is the
(not necessarily disjoint) union of cosets#f. If ¢ is a union of a familyZ of cosets of
A, we say thatZ is irredundant if A € . implies thatA is not contained in any other
B € . We observe that this is a covering &f by minimal complexesf ¢ in the sense
of Steinbergef18]. This leads to a weaker notion of index of which we will make use in
the example of the next section.
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Definition 3.10. If Z is a union of a finite familyZ of irredundant cosets o, then the
left covering indexf # in & is defined as

[Z: #]f =min{|Z| : # a finite iredundant covering o by cosets of#’}.

If ¥ has no covering by a finite familyz of irredundant cosets o#’, then we say
[Z : ] is infinite. Similarly, we define theight covering indexand denote it by
A7

4. An example

In this section, we provide an example of an infinite non-commutative loop which is the
union of three proper abelian subgroups. This loop has no finite homomorphic image, in
particular none which is isomorphic to the Klein 4-group, and its center is trivial. However,
each of the abelian subgroups in the covering has covering index 3 in the loop.

Example 4.1. Consider a fieldr with multiplicative groupF* and the idempotent quasi-
group with binary operatiom given in the table below:

Let Z®(F) ={a;(x) : x € F* andi =1, 2, 3} U {1} (i.e. each element of the form(x)
in this set is double indexed tandx). We define a binary operation af® (F) as follows:

(i) Foranyl € Z®(F), U =11=1;
(i) Forx,y e [F*,

. - _ a[(X+y) Ifx+y7é0,
ai(x)a;i(y) = { 1 otherwise

(i) Forx,y e F*,a;j(x)a;(y)=aio;(xy) fori < j,anda; (x)a;(y)=aip;(—xy) fori > j.
ThenZ® (F) is a loop.

Proof. By definition, the element is a two-sided identity. For convenience in light of
ii., we will also denotel by «g; (0), wherei € {1, 2, 3}, and thus ifx + (—x) = 0 we get
a;j(x)a;(—x) =a;(0) = 1. It remains to be shown that(x)b = a; (y) has a unique solution
bforalla;(x), a;(y) € £ (F).If i = j, then the unique solution is= a; (y — x). Now if

i # j,there exists a uniquesuch thai © k = j, and we can assumez 0. Then fori <k,
the unique solution is = a; (x~1y), and fori > k, the unique solution is = a; (—x~1y).
Similarly, we can find a unique solutidnfor ba; (x) = a;(y), thus#® (F) is aloop. O
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Proposition 4.2. Consider#® (F). Then

(4.2.1) A; = {a;(x) : x € F}, i =1, 2, 3, are abelian subgroups o#® (F);

(4.2.2) 2O (F)=A1U AU AzandA; NA; = (1), # J;

(4.2.3) P (F) is power-associative

(4.2.4) 2P (F)=A;1UA;a;(1)UA;ar (1) wherei, j andk are distincti.e. itis the union of
three cosets of ;. For charF =0, there exist infinite sets y wittf ® (F) =UyeryAi,
but no proper subset of y gives a covering®f (F).

Proof. Note that for ease of notation in the definition of we set agaim; (0) = 1. Now
(4.2.1) and (4.2.2) follow directly from the definition &#® (F). By (4.2.1) and (4.2.2)
eachl ¢ Z9(F) is contained in a group. It follows that the subloop generated by | is
a group. Hence (4.2.3) holds. The first part of (4.2.4) is obvious. If EraiO, consider
Y=A;j#i. O

In view of (4.2.4) and Definition 3.10 we have the following corollary.
Corollary 4.3. If charF = 0, then[ 2 (F) : A;]* = 3.

Proposition 4.4. For #® (F) the following hold

(4.4.1) If |F| < oo, then| @ (F)| = 3|F| — 2;

(4.4.2) 23 (F) is a group if and only ifF| = 2, and then¥® (F) is isomorphic to the
Klein 4-group;

(4.4.3) If charF # 2, then 2® (F) has a trivial centrum

Proof. The first claim follows from (4.2.2). IF = GF (2), then| #® (F)| = 4 and for any

x € ZO(F), x2= 1. We conclude that”® (F) is the Klein 4-group. IfF| > 2, then there
existsx € F* with —x2 # 1. In this casei1(—x)(a1(x)az(1)) = ax(—x2) # ax(1). It
follows that#® (F) does not have the left inverse property. Therefore, it is not associative
and hence not a group.

To prove (4.4.3), consider € C(£®(F)). Thenba;(y) = a;(y)b for all y € F and
j=1,2,3. Suppos®d =a; (x) for somei and some: € . Considerj # i andy = 1. Then
a;j(x)a;j(1) = aj(Da;(x), Ora;o;(x) = a;p;(—x). It follows that 2 = 0, a contradiction
unlessx = 0. We concludé =q;(0)=1. [

Of interest in this context is the following proposition.

Proposition 4.5. If charF = 0, then #® (F) has no normal subloop of finite index

Proof. Let charF = 0 and.#" be a normal subloop of#® (F) of finite index. Set: =
| 2P (F)/A'|. Then for every; (x) € P (F), there exists a positive integer n such
that(a; (x))* € A, since$(3)(F)/%' is a power associative loop, and thus the order of any
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element in?® (F)/# <n. It follows ["' € # for all I € P (F). Since chaf is zero,
x € Fimplies% e F. Letl = a; (). Then™ = (a; ()™ = a; (") = a;(x) € A, thus

n! n!

H =29, O

We want to conclude this section with two remarkgHf= p, wherep is an odd prime,
then 2 (F) is a simple loop (se8, Theorem 5.19] Furthermore, if we replace the
idempotent quasigroup of order 3 in Example 4.1 by an idempotent quasigroup of order
n for anyn > 3, we will get a power associative loop that is a uniomafistinct abelian
subgroups with trivial intersection8].

5. n-Coverings and finite coverings
Following [3], we make the following definition.

Definition 5.1. A loop . has am-covering, if there exist subloop¥’;, i € Q, an index
set, such that for everfys, ..., x,} C £ there exists anh e Q with {x1,...,x,} C #;. A

1-covering of a loop is called a covering, if all subloops are propen-&nvering is finite
if Qs finite.

In [3], it was shown that a group has a finitecovering by subgroups if and only if it
has a finite homomorphic image whose minimal number of generators is greater than
our contexin-coverings by subgroups are of interest, since they lead to certain associativity
conditions. This is the content of the next theorem.

Theorem 5.2. Let ¥ be aloopthen

() & has al-covering by subgroups if and only if it is power-associgtive
(i) £ has a2-covering by subgroups if and only if it is diassociative
(i) % has a3-covering by subgroups if and only if it is a group

Proof. To show (i), we observe that i has a 1-covering by subgroups, théhhas a
covering by its cyclic subgroups, henégéis power-associative. Conversely,4f is power-
associative, it has a 1-covering by its cyclic subgroups.

Now, let ¥ have a 2-covering by subgroups. Then, give € %, there exists a
subgroup#” of & with a, b € #, hence(a, b), the smallest subloop containiagindb, is
a subgroup and” is diassociative. Conversely,§F is diassociative, thefu, b) is a group
foralla, b € . HenceZ has a 2-covering. Thus (ii) holds.

Finally, let ¥ have a 3-covering by subgroups, then, givem, ¢ € &, there exists
a subgroup# of % with a,b,c € . Hence(a, b, ¢) is a group sa¥ is associative.
Conversely, ifZ is a group, then obviously’ has a 3-covering by subgroups &f. We
conclude that (iii) holds. [

We turn now to the discussion of finite coverings and finieoverings of loops. Recall
that a loop has a finite covering if it is the union of finitely many proper subloops, and
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similarly, a loop has a finite-covering if the finite covering is an-covering. First, we
show that the analogue of the result that a group never is the union of two proper subgroups
carries over directly not only to loops but even to quasigroups.

Theorem 5.3. A quasigroup is never the union of two proper subquasigroups

Proof. Suppose thaD = A U B, whereQ is a quasigroup and andB are proper sub-
quasigroups. I = A — (AN B) andY = B — (A N B), thenX andY are non-empty. Let
a € X andb € Y, thenab € Q. Without loss of generality we may assume thate A,
i.e.ab=a' € A. SinceAis a quasigroup, there exists a unique A such thatix =a’. By
cancellationp = x, henceb € A, a contradiction. [

In our next proposition we will make use of the following definition.

Definition 5.4. An element of aloop.? is calleddiassociativef for any x € ¢ it follows
that(x, a) is a group.

Proposition 5.5. Given a loopZ with a finite covering by subgroup®’;,i =1, ..., n, of
finite left index such tha¥’ has a left coset decomposition modutg for all i, then.% is
a power-associative loop with a subgrog of finite left index inZ and every element of
A is diassociative

Proof. By (i) of Theorem 5.2,% is power-associative. Le¥’ = #'1N...N . Corollary
3.9 implies that#” has finite left index inZ. Leta € »# andx € . Then there exists an
i such thatx € ;. Sincea € ;, it follows that(x, a) is a group. [J

Our next example shows that a loop satisfying the assumptions of Proposition 5.5 is not
necessarily a group.

Example 5.6. Let ¥ = x G, wheres# is a finite non-associative power-alternative loop
andGis a group, then? = . ,# «, Wheres#’, = (x) x G, is a finite covering of?,
and.# has a left coset decomposition modwo, for eachx. Furthermore,?/# has left
coset decomposition modulo any cyclic subgroup, since it is a power-alternative loop.

Proposition 5.7. Given a loop with a finite2-covering by subgroups’;,i =1, ..., n,
of finite index such tha® has a left coset decomposition modutg for all i, then.# is a
diassociative loopandNuc(.?) is a subgroup of finite index i’.

Proof. By (ii) of Theorem 5.2, is diassociative. Let#’ = 1N ...NJ,. Corollary 3.9
implies that# has finite left index in#. Leta € & andx, y € . Then there exists an
suchthat, y € ;. Sincea € J;, it follows that(x, y, a) is a group. Thug € Nuc(.¥),

i.e.# C Nuc(®). Itfollows that Nug.¥) has finite left index in#, and thus Nue%) has
finite index inZ. O

Similarly as before, we provide here an example of a loop satisfying the assumptions of
Proposition 5.7 which is not a group.
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Example 5.8. Let ¥ = # x G, whereJ# is a finite non-associative Moufang loop with
every element of odd order a@lis a group, ther??” =y, yyc 5 (x,y), Where# (. y, =
(x, y) x G, is afinite 2-covering of/, and.# has a left coset decomposition modutQ )
for all {x, y}.

In the case that we have a finite 2-covering by abelian subgroups we are guaranteed a
finite homomorphic image as the next corollary tells us.

Corollary 5.9. Given a loop.# with a finite 2-covering by abelian subgroup®’;, i =
1,...,n,of finite left index such tha¥ has a left coset decomposition modutt for all
i, thenZ (%) is of finite index inZ as a normal subgroup of’.

Proof. Let # = #1 N ... N J,. By Proposition 5.7 we have tht¥ : ], and
[Z : Nuc(&)] are finite. Forx € £ there exists ansuch thatx € ;. Sinces#’ C #;
and #; is an abelian subgroup, we hawe = xa for all a € 2 and allx € . Hence
H CNu(L)NC(YL) =Z(L). ltfollows thatZ(¥) has finite index in¥. 0O

We mention here that choosing the logpas in Example 5.8, butin addition commutative
and G as an abelian group, provides us with a loop which is not a group and satisfies
the assumptions of the preceding corollary. As can be seen from the next proposition, a
normal nucleus of finite index in a power-alternative loop guarantees the existence of a
finite covering by subgroups.

Proposition 5.10. If . is a power-alternative loop witlNuc(¥) a normal subgroup of
finite index in.Z and ¥ /Nuc(.%) not cyclic then.# has a finite covering by subgroups
A ; of finite index such tha¥” has a coset decomposition modut6; for all i.

Proof. Since Nu¢.?) is a normal subgroup a’, the quotient? /Nuc(.¥) is defined. Set
Nuc(¥) = N and let# = (g, N) for someg € . We observe that” is a subgroup of
% and anyh € # can be written ag = g/n, j an integer anad € N. We claim that? has
coset decomposition modulg’. By Proposition 3.4 it suffices to showh)# = x# and
H(hx)=AHxforallh € # and allx € L. Leth, hy € # withh =g/n,n € N, then
(xh)h1 = (x(g/n))h1 = (xg))n)hy = (xg/)(nhy). Sincenhy € #, we havenhy = g'n’
for somen’ € N. Hence(xg/)(nh1) = (xg/)(g'n") = (xg' ™ n’ = x(g' T/ n") = xhp, where
hp € A . It follows that.# has a left coset decomposition modwu. The proof for right
coset decomposition is similar.

Let X = {x1, ..., x,} be a left transversal of N@¢’). Consider#; = (x;, Nuc(%)).
Then, by the above#’; is a subgroup ofZ and.# has a coset decomposition modulo
Hi. Obviously, ¥ = |J!_;#; soZ has a covering. Sinc& /Nuc(.¥) is not cyclic and
L H;] < [Z : Nuc(&)], eachs#; is a proper subgroup a of finite index. [

Since every diassociative loop is a power-alternative loop, the following corollary is a
partial converse of Proposition 5.7 and Corollary 5.9.

Corollary 5.11. If & is a diassociative loop wittNuc(#) a normal subgroup of finite
index inZ and . /Nuc(.?) is not cyclig then.# has a finite covering by subgroups;
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of finite index such tha# has a coset decomposition modui6; for all i. Furthermore if
Z (%) has finite index inZ, then.? is the union of finitely many abelian subgroupach
having finite index inZ.

6. Neumann’s Lemma

In this section of the paper we will prove a loop analogue of Neumann'’s lemma. Towards
that end we need to strengthen our conditions on coset decompositions modulo a subloop
as given in the following definition.

Definition 6.1. A loop . has astrong left(right) coset decomposition modul®’, where
A is subloop of%, if y(a#') = (ya)# forall y,a € L. If ¥ has strong left and right
coset decompositions modul®’, then we say that” has a strong coset decomposition
modulo 7.

Lemma 6.2. Let ¥ be a loop and# a subloop of¥. Then.¥ has a strong left coset
decomposition module? if and only if it has a left coset decomposition modutdand
given that{a; #’} is a coset decomposition &f modulos#, then so is{y(a; #)} for any
yeZ.

Proof. Assume. has a strong left coset decomposition moduto By Proposition 3.4
and Definition 6.1, it is obvious tha? has a left coset decomposition modui6. Since
y(a; #) = (ya;)# , we observe that(a; #) is a coset of#. Assumey(a; #') = y(a; H),
thenya; =y(ajh)soa;=a;h,andi=j. Thus it L= J; . ;a; H,then’ =y L =J;c;va; H.

Now let ¥ have a left coset decomposition modut6 and assume that {iz; #°} is a
coset decomposition @ modulo.#, then so i y(a; #)} for anyy € . Then for any
v,a € &, y(a#) is a left coset of# and so is(ya) #, but ya € y(a#) N (ya) A .
Therefore, since? has a left coset decomposition modut6, y(a.#) = (ya)# and ¥
has a strong left coset decomposition modufo [J

As is clear from the proof of Lemma 6.2y(q; #)} is a partition of.Z if {a; A} is
a coset decomposition o modulo . However{y(a; #)} is not necessarily a coset
decomposition.

Lemma 6.3. Let ¥ be a loop and»#’, . subloops of? with ¢ <, and let.¥ have
left coset decompositions modut6 and. 7. If [.£ : 7], is finite, thens# has a left coset
decomposition module” and [ : 4], is finite

Proof. By assumption we have? = |JI'_,"a; #", where J* denotes a disjoint union.
Intersecting with»#” and distributing lead to

H=HNYL = (U a[y/'> myfzu (a; N AH).
i=1 i=1
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We claim now that;; 7" N # is non-empty if and only it;; € #°. Supposer; € #, then
ai A C A anda; " N A = a; 4. Conversely, suppose # N # is non-empty. Then
there exisk € # andh € # such that;k = h. Sinces# is a subloop of?, there exists
a uniquex €  such thatck = h. By cancellation we obtain = a;, henceq; € #. We
relabel now the transversfly, ..., an, ap+1, - - -, ay} such that; 4 N A is non-empty
for i <m and empty for > m. By Lemma 3.7 and the above it then follows

m * m *

A= @Hxnxy=\Jax

i=1 i=1
with a; € #. We conclude that?” has left coset decomposition moduld and[# : 4],
is finite.

Before stating our main result, we note that Lemma 3.7 and 6.3 hold as well for a strong
left coset decomposition.

Theorem 6.4. Let.# be aloop with? = J!_, gi #;, where#1, ..., A, are(not neces-
sarily distinc) subloops of# and with ¥ having strong left coset decompositions modulo
Hi,i=1,...,n.Thenall cosets in this union for which the corresponding irfdéx ;]

is infinite can be omitted from the union and the remaining cosets still cover the loop

Proof. We first show that at least on#; has finite left index inZ. Let ¥ = |J!_; g /i
and assume thatof the 71, ..., ', are distinct. We prove our claim by induction on
If r =1, then? is a union of finitely many left cosets of the sublogfy and[.¥ : #1],
is finite. Now letr > 1 and assume if — 1 subloops are distinct, then at least one has finite
leftindex inZ.

Assume that the#’; are labeled such tha¥’,,;1 = --- = #, with m <n and ., is
distinct from each of#1, ..., #,,, and where exactly — 1 of the firstm subloops are
distinct, and s@ — 1<m. Therefore we have

(e (0,07)

i=m+1

If ¥ = U?=m+1gi%n, then[Z : ], is finite and the subloops/1, ..., #,, can be
omitted. If not, then there exisise ¥ such that

m n
erg,-%i, but x ¢ U giHi.
i=1 i=m+1

We claim

m
x%HQUg,-%,-. (61)
i=1
Suppose to the contrary. Then there existe #, with xh ¢ J!" 1g;# ;. Thusxh €
Ui—m11&#» and so, using Proposition 3.4, we obtaio¢’, = g;.#, for somej with
m + 1< j <n.We conclude that € | Ji_,,, 14, a contradiction. Thus (6.1) holds.
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Let u; be the unique solution afjx = g;, SOu;(x ) = (u;jx)H = g;# . Left
multiplication of (6.1) byu ; leads to

8jMn S uj (U gi«%’i) =Jwgn i =Je i,

i=1 i=1 i=1

wherec;; = u;g;. We conclude that

n n m

U stre U Uarn

j=m—+1 j=m+1 i=1
Therefore

D?:(Ogi%i)U LnJ LmJCij%i
i=1

j=m+1 i=1

So % is a union of finitely many cosets oy, ..., #,, of which now onlyr — 1 are
distinct by our assumption, and hence, by induction,aat least one of the?’; has finite
left index in.Z.

Consider? = J!_; g #; and assume tha¥’1, ..., #,, have infinite left index in%
and # 41, . .., #, have finite left index inZ. By the above, we know that <» and
obtain

n

$=<U8i%i)U U &7
i=1

Jj=m+1

Let] = A1 N ... N Ay SincelL : A ] <oo for m + 1< j <n, it follows by
Corollary 3.9 thaf & : I, is finite. Sincel C 2 ; form + 1< j <n, Lemma 6.3 implies
that[#'; : I = n; < oo and that#’; has a strong left coset decomposition modulo
Choose a set of coset representatives#of modulol, say{aji}, ajx € # j, 1<k<n;.
Settingb jx = g;ajk, we see that

nj n;j nj
gix =\ gjaph = a1 =Jbjl-
k=1 k=1 k=1
We conclude

g:(U giyf,)u U Ubut . (6.2)
i=1

j=m+1 k=1
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<

U Ubjkl, then? = | ] g;#;

j=m+1 k=1 j=m+1

and all the subloops of infinite left index have been omitted. Else, there exést®” such
that

m n nj
ergl-in and x¢ U Ubjk].
i=1 jem+l k=1

We claim
m
xl < | gt (6.3)
i=1

Assume to the contrary. Then there exists I with xi ¢ | ;" ¢; # ;. Therefore

n

xh e U gj%j.
j=m+1

Hencexh e g A j» for somej’, m + 1< j'<n. Sincel C # j, it follows that

n
xjfj/zgj/.yfj/ and x € U gjjfj,
Jj=m+1
a contradiction. This proves (6.3).

Letw j; be the unique solution ab jxx = b, and set/;;; = wjg;. Left multiplication
of (6.1) byw j; leads to

wik(xD) = i) =bjd S| Jwi(git) = Jwjg) #i =) diju#i.

i=1 i=1 i=1
Subsequently,
n nj n nj m
U Ubjkl c U U Udijk«%”i-
j=m+1 k=1 j=m+1 k=1 i=1

This together with (6.2) yields

m n nj m
gZ(Ugi%i)U U U Udijkjfi
i=1

j=m+1 k=1 i=1

But this would imply that at least one of th&'1, ..., ##,, has finite left index in%, a
contradiction to our assumption th#1, ..., 5, all have infinite left index inZ. Thus
L =} 118 j, the desired result. (]
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Now Theorem 6.4 together with Propositions 5.5, 5.7 and Corollary 5.9, respectively,
leads to the following three corollaries.

Corollary 6.5. Given aloop? with a finite covering by subgroupg’;,i =1, ..., n,such
that ¥ has a strong left coset decomposition modedo for all i, then ¥ is a power-
associative loop with a subgrouy” of finite left index in% and every element of is
diassociative

Corollary 6.6. Givenaloop? with afinite2-covering by subgroup%’;,i=1, ..., n,such
that.# has a strong left coset decomposition mod#fefor all i, then.Z is a diassociative
loop, andNuc(.Z) is a subgroup of finite index i.

Corollary 6.7. Given a loop.# with a finite 2-covering by abelian subgroup®’;, i =
1,...,n, such that? has a strong left coset decomposition mode for all i, then
Z(Z) is of finite index inZ.

We conclude with two examples showing that there exist loops satisfying the assumptions
of Theorem 6.4, Corollaries 6.5 and 6.6 which are not necessarily groups. Since every normal
subloop has strong left coset decomposition, every subloop of a Hamiltonian loop has strong
left coset decomposition. Norton [fh4] shows the existence of finite power associative as
well as disassociative Hamiltonian loops which are not groups.

Example 6.8. Let ¥ = # x G where s is a finite non-associative power associative
Hamiltonian loop ands is a group, the? = J .., # «, wheres#’, = (x) x G, is afinite
covering of Z, and.? has a strong left coset decomposition modufg for all x.

Example 6.9. Let ¥ = # x G wheres is a finite non-associative diassociative Hamil-
tonian loop ands is a group, ther”’ = Uy, yyc ## (x,y), Where#'x yy = (x,y) x G, is

a finite 2-covering ot#, and.# has a strong left coset decomposition modufg, ,, for

all {x, y}.

In conclusion, we mention that by Nort¢h4] every commutative, diassociative Hamil-
tonian loop is an abelian group. Thus a construction similar to the ones in Examples 6.8
and 6.9 does not lead to a non-associative loop satisfying the assumptions of Corollary 6.7.
Nevertheless we suspect the existence of such loops.
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